Equicontinuous sets of measures and applications to Vitali's integral convergence theorem and control measures  by Brooks, James K
ADVANCES IN MATHEMATICS 10, 165-171 (1973) 
Equicontinuous Sets of Measures and Applications to 
Vitali’s Integral Convergence Theorem and Control Measures 
JAMES K. BROOKS 
Department of Mathematics, University of Florida, Gainesville, Florida 32601 
I. INTRODUCTION 
In this note we prove that an equicontinuous family of finitely additive 
Banach-valued measures, each absolutely continuous with respect to a 
fixed finitely additive measure h, is uniformly absolutely continuous with 
respect to h (Theorem 1). The domain of definition can be chosen to be 
a ring of sets. An immediate consequence of this theorem is an improve- 
ment of the classical Vitali convergence theorem for integrals (Theorem 
3). In view of the above result, only the condition of equicontinuity of 
the indefinite integrals, together with convergence almost everywhere, 
is sufficient to ensure mean convergence; the hypothesis of uniform 
absolute continuity may be omitted. Applications to control measures 
for weak and strongly compact sets of measures are also presented. 
This latter application is the one which prompted the study of the 
relationships between equicontinuity and uniform absolute continuity. 
2. DEFINITIONS AND NOTATION 
A family X of finitely additive measures p : 2 ---f X, where 2 is a 
ring of subsets of a set T and X is a Banach space, is equicontinuous or 
uniformly strongly additive if limi p(Ri) = 0 uniformly with respect to 
p E X, whenever {&} is a disjoint sequence of sets from W. Note that 
if each element of X is countably additive and 9? is a u-ring, then 
equicontinuity is equivalent to uniform countably additivity, that is, 
I*(&) + 0 uniformly with respect to p E X, whenever R, L 4. We say 
that p is strongly additive if p(RJ -+ 0, whenever {Ri} is a disjoint 
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sequence. Absolute continuity (E - S definition) is defined in the usual 
fashion and TV < h denotes TV being absolutely continuous with respect 
to A. 
The total variation function is denoted by 1 p / ; the semivariation p 
of p is defined by p(A) = sup{/ p(E)1 : E C A}. The spaces fabv(W, X) 
and fasv(9, X) denote the Banach spaces of all finitely additive X-valued 
measures defined on 9 with finite total variation or finite semivariation, 
respectively. The norms in the respective spaces are 1 p 1 (T) and p(T). 
These norms are not in general equivalent. 
3. THE MAIN RESULT 
THEOREM 1. Let .X be an equicontinuous family of finitely additive 
X-valued measures de$ned on a ring. Suppose h is a nonnegative (possibly 
infinite) finitely additve measure such that p < X for each p in Z. Then X 
is uniformly absolutely continuous with respect to A. Conversely, if X is 
bounded, then the uniform absolute continuity of .X with respect to h implies 
that A’” is equicontinuous. 
Proof. The technique of the proof is contained in a proof used by the 
author in [4] ; consequently only a brief sketch of the proof will be 
presented. If we deny the conclusion of the theorem, there exists an 
E > 0 and sequences (~~3, {S,}, {&} such that / pLk+r(EIc+r)l > E, 
XEk+d < %+I and pi(E) < •/2~+~ for i = 1, 2 ,..., k. Let FI = E, ; 
assume there exists an i2 > 2 such that 1 pi,(FI n E,,)I > c/4. Let 
F, = Fl - Ei, . In general, assume FI ,..., Fk ; iI ,..., ir, have been chosen 
and that there exists an ik+l > ik such that I pLi,+,(Fk n Ei,+,)I 3 c/4. 
Let Fk+l = Fk - Ei,,, . If this process did not terminate, we would 
obtain a disjoint sequence of sets (Fk - F,,,) such that 
This contradicts the equicontinuity of %. Hence we can find an Fk and 
an iI, so that Ipj(FfcnEj)l <c/4 forj>i,. Letp,=i,, H1=Fk, 
# = pPj+i , Ei?’ = Eplti - HI . Observe that 
I P2(ffl)l > I P2W - 12 I P2(Fj - F,,l)l/ 2 E - g +j+2 2 E - c/4, 
since / &Fi - Fj+31 = I p2(Fj n Eij+,)/ < •/23+~. By a similar process 
EQUICONTINUOUS SETS OF MEASURES 167 
obtain an@’ and an i,, , such that 1 pJ’)(J$) n Ejl))l < e/8 for allj > ih,. 
Note that 1 $)(H2)I > E - l /4 - c/S and / &l’(Er))I > E - e/4, where 
ff, = Fg’. Let p, = i,, , pi2) = pFO)+i, and Ei2’ = Ektii - H, . At the 
k-th stage, assume that for j = 1,2,..., 
-a. 
k, Hi and pj are defined so that 
(j-1) 
&,+i ) 1 #(@)I > E - E/4 - . . . - ,/2j+l 
and H, ,..., Hk are disjoint 
/ &l)(Hj)l > E - e/4 - ... 
(set ~1” = pLi+i , El” = EJ. In addition, 
- E/2j+’ . As before, if we let Fi” = Eik’, . . 
there exists a i, such that 1 $‘(Fi”) n Ey’)I < •12~‘” for all j > i, . Let 
’ Pk,l = 11 7 Hk+l = Fik’, pik+” = pLtL1+i, Elk+” = Etk’ - Hk+l . In 
this fashion, we obtain a disjoint sequence {H,} ai%‘~~k) such that 
I ~i~‘(f&+l>l > 4, h’ h w ic contradicts the equicontinuity of X. 
The converse follows from the fact that if X is bounded, then h(&) --t 0, 
whenever {Ri} is a disjoint sequence. 
Remarks. It is of interest to note that we only require that the domain 
be a ring. In the proof of the extended Vitali-Hahn-Saks Theorem for 
finitely additive vector measures, it is necessary to have a u-ring as the 
domain of definition. The proof of this theorem is more delicate and 
requires in addition an extension of Phillips’ theorem for X-valued set 
functions defined on the power set of the integers. For completeness we 
state this theorem. 
THEOREM 2 ([4]). S pp u ose 22 is a cr-ring andfor each n, pn : 9 + X is 
Jinitely additive. Let p,, < A, n = 1, 2 ,..., where X is a nonnegative bounded 
$nitely additive measure. If lim p,(R) exists for every R in 9, then the 
sequence {pn} is uniformly absolutely continuous with respect to A. If the pm 
are strongly additive, then the boundedness assumption on X may be omitted. 
4. APPLICATIONS 
The next theorem improves the classical Vitali convergence theorem 
[7, p. 1081. The setting is the following. .%’ is a u-ring of subsets of a set T 
and X is a nonnegative (possibly infinite) countably additive measure 
defined on 3. Lp(3) = Lp(W, A, X) is the Bochner space of X-valued 
measurable p-th power integrable functions (1 < p < co). 
THEOREM 3. Let {fn} b e a sequence of elements in Lp(X) which converges 
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almost everywhere to a function f. Then f E LP(X) and fn --f f in Lp(X) if 
the sequence of indefinite integrals {Jt., j fn jp dA} is equicontinuous. The 
converse is true if almost everywhere convergence is replaced by convergence 
in measure. 
Proof. We shall only prove the first part of the theorem. Let 
&I = U,“=l {s : f?&(s) # O}. E, is u-finite, hence there exists a sequence 
of sets of finite measure E, such that E, ,A E,, . Let F, = E,, - E, . 
Let 6 > 0 be given. The equicontinuity condition implies that 
uniformly in n. Pick a k, such that 
For e > 0, let G,, = (S E Ek, : 1 fitA - fn(s)ip > l }. Note that 
Since Ek, has finite measure, by Egorov’s theorem the f, converge in 
measure to f on Ek, , . hence h(G,,,) ----f 0. By Theorem 1, the indefinite 
integrals are uniformly absolutely c”t;;ltinuous with respect to A. In view 
of this and the fact that E was arbitrary, we have 
5 j Ifm-fnIPdA=O. 
E% 
Since 
j Ifm -fn I"dh = s, ifm -fn lpdh + j, 1 fn -fm IpdA, 
0 0 
we have, 
z j/f,-f,l"dh<S. 
Thus {f,} is a Cauchy sequence in Lp(X). Since Lp(K) is complete, there 
exists a g E LP(3E) such thatf, + g in Lp(X). In view of the fact that f = g, 
a.e., the conclusion follows. 
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Remarks. If the measure space is finite, then the uniform absolute 
continuity of the indefinite integrals together with convergence a.e. is 
sufficient to ensure mean convergence; in the infinite case this does not 
suffice. In addition to uniform absolute continuity of the integrals, 
Dunford and Schwartz [6] use the following condition: For each E > 0 
there exists a set E, such that h(E,) <OX and jTPE, 1 fn jP dh < E, 
n = I, 2,... . This condition has the advantage of being applicable in the 
case h is only finitely additive, but it is not as delicate as equicontinuity, 
and of course has no relation to the uniform absolute continuity of the 
integrals. 
One of the main results in the theory of weak compactness of measures 
in Bartle, Dunford and Schwartz [l] is that relatively weakly compact 
sets X in fabv(2, scalars) have a control measure v in the sense that X is 
uniformly absolutely continuous with respect to v. Recent work of the 
author has extended this result to fa(.%, W) [3]. In the next two theorems 
we show that in certain situations if each element of % is absolutely 
continuous with respect to a fixed A, then h can be chosen to be the control 
measure. 
THEOREM 4. Let 2” be a relatively weakly compact set in fabv(&?, X). 
Suppose that each element of X is absolutely continuous with respect to a 
nonnegative finitely additive measure X. Then .X is uniformly absolutely 
continuous with respect to X. 
Proof. Using the Theorem in [3], we deduce that X is equicon- 
tinuous. The conclusion then follows from Theorem 1. 
It is known that if the assumption of bounded variation is dropped, 
then weakly compact sets of vector measures need not be equicontinuous. 
By using the techniques of the author to prove the necessity of the 
Theorem in [3] ( see VI of the proof) we can prove equicontinuity for 
strongly compact sets of measures with finite semivariation (cf. also [5]). 
THEOREM 5. Suppose that the set X C fasv(g, X) consists of strongly 
additive measures and J% is a ring. Assume that .X is conditionally compact. 
If each measure in .X is absolutely continuous with respect to a fixed 
finitely additive non-negative (possibly infinite) measure X, then 2’” is 
uniformly absolutely continuous with respect to X. 
Proof. We shall show that .%C is equicontinuous. By using the Stone 
representation theorem, we can assume that every element of X is 
countably additive on 2. Let Y be the a-ring generated by 2. Fix TV E X. 
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Since TV is strongly additive and countably additive on 9, by Theorem 2 
of [2] there exists a control measure v for p which is countably additive 
on 9. Since v can be extended to Y, p can also be extended to say t.~r 
on 9. Also ~r( T) = p(T). H ence we can consider z%? to be a conditionally 
compact subset of ca(Y, X). D enote by Zr @< X the Banach space of all 
unconditionally convergent series C xi with norm 
ll(xi}ll = sup 11 z xi ( : d is finite! 
EEA 
(E is equivalent to the least crossnorm). Suppose now that Z is not 
equicontinuous. Then there exists an E > 0, a disjoint sequence (I&} of 
sets from Y and pi E X such that 1 &I&)[ > E, i = 1, 2,... . Define 
T : ca(Y, X) + II G6 X by T(p) = {p(Ei)}& . Note that 11 T(p)11 = 
IlWi>~ll < F(T). H ence T is continuous. Let ek = {pk(Ei))& . Since 
T(X) is conditionally compact, there exists a 6’ E (e(i)} E Zr GE X and a 
subsequence {&} such that eki +- 0 in II @<X. Assume that ki = i. 
Since C 0(i) is unconditionally convergent, we can use Lemma 2.31 in [8] 
to conclude that there exists an I such that / &An[,,m~ B(i)1 < 43 for all 
sets d. Since ok + 8, there exists a k, such that 
Hence 
S;P 1 isAzI ml cLk(G ( -=C 43 + 43 < Ey 
A contradiction results from the fact that 
Consequently Z is equicontinuous on 9’; hence Z is equicontinuous 
on 9. By Theorem 1, % is uniformly absolutely continuous with respect 
to A. 
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